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Abstract

Historically, research on visual illusions has belonged mainly to the field of
psychology. However, in the 1980s, Professor Kokichi Sugihara, Meiji University,
Japan, introduced a mathematical approach to design and classify 3-dimensional
optical illusions. This project includes a brief literature review on the topic and a
synthesis of the mathematics required for an initial understanding of how
mathematics is connected to visual illusion. The synthesis organizes the material
with an eye on content appropriate for an undergraduate upper-level
mathematics course.

A Mathematical Approach to Understanding
Impossible Objects
There is well-established research linking mathematics and visual illusion through
the idea of geometric perspective. Consider the following image.

Figure 2

Background and Motivation

Starting in antiquity, the use of mathematics in art is revealed through the
construction of pyramids and temples and the realizations of freezes, pavings, and
mosaics. The studies of ancient Greeks works by European artists in the 15th
century led to the mathematical development of perspective. How objects
decrease in size with greater distance from the viewer was then incorporated by
artists in their works'. Artists produced artwork to fool viewers into believing that
objects are closer or further away than they actually are. Forced perspective is a
term that is used for this concept. It is a concept familiar to those who have taken
misleading photographs of someone holding a building, say, in their hands (see
Figure 1). Such illusions may become more prevalent with the advent of virtual
reality into society.
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Methods
• Perform a literature review on the mathematics of optical
illusion, in particular,
• Read articles of Professor Sugihara and organize them
chronologically to identify the progress made and to
gather and organize the mathematical concepts that have
been involved in the process of representing 3D object
onto a 2D plane
• Study one-point, two-point, and three-point perspective
• Study Machine Interpretation of Lines Drawings
• Print examples of Impossible Figures to explore when the
illusion is broken (Figure 4).

Figure 4: Examples of Impossible Figures

Building a Fundamental System

Figure 2: Observer (O), Object (P), and Image (D)
An Observer at the origin O looks straight at a 3D box P through a picture plane.
D is the image of P onto the picture plane.

Observations

•
•
•
•
•

There are some issues interpreting images.
The 3D dotted box P’ also has D as its image.
One image can represent multiple 3D objects.
The actual 3D object envisioned might not be what is being seen.
Information is lost. The Observer must make assumptions about P when
interpreting D.

Questions

• How can we reconstruct a 3D object that corresponds to a given image?
• How can we accurately interpret the 3D features associated with an image?

Based on the above assumptions, let us consider a picture plane given by a plane (z = 1). Then, we define an
incidence structure, sets that help describe the relationships between the faces and vertices of a polyhedron,
that will allow us to define and use equations of lines and planes in linear algebra to build a system that allows us
to determine the number of 3D possibilities corresponding or associated to the given image. This work comes
from Sugihara’s research on the topic.
The number of possibilities is given by a fundamental system formed by the matrix equation !" = 0 and the
inequality %" > 0 where the !, %, and " are defined below.
• A is the matrix formed by the simplified equation () * + + - ) . + + /) + 01 =0, equation of the intersection of
the line of sight containing vertex 21 , the plane (z=1), and the plane containing the face 3) where 01 =
(81 > 0) and 0 < 01 < 1 and *′1 =
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• B is the constant matrix formed by the coefficients () , -) , /) of the inequality *′1 () + .′1 -) + /) + 01 > 0, an
inequality that determines depth that means that the vertex 21 is closer to the observer than the plane of a
face not containing vertex 21 .
• " =< 04, 0?, … … , 0A , (4, -4, /4, … , (B , -B , /B > is the vector of unknown coefficients where m is the number
of vertices and n the number of faces of the polyhedron that correspond to the image.
Figure 5 illustrates a simplified mathematical approaches to build the mathematics that allows one to determine
the plausible 3D objects associated with a given image.

?
Figure 1. Holding the Eiffel Tower. V. Lock (2009).
What do we really see in such illusions? How can we interpret what is seen in
such a picture? Is that a digitally altered image? Or is the hand closer to the
camera? Is a giant invading Paris? What is really happening in 3-D? We cannot
tell without making some assumptions. Understanding the mathematics behind
such illusions will facilitate not only human-machine communication but also the
reconstruction of 3-Dimensional objects from a given image.
The mathematics of these illusions may help us understand and demonstrate
concepts in other fields such as biomechanics (finger and knee joints, tendon
extensor mechanisms), biology (folded proteins, describing docking geometries),
aeronautics (wing shapes, wind-tunnel models), mathematics (3D fractals, knots,
polytopes, manifolds, regular polygons), and art (sculpture, objects of antiquity).

Figure 3: Observer, Image, missing object.

Solving the Problem Using Mathematics

To address the issues observed, and to help us simplify the mathematics, we make
some assumptions about the 3D object.
We make the following assumptions:
• The 3D objects are polyhedron (i.e., no curved faces). (see Figure 3.a).
• No face is coplanar to the observer. (See Figure 3.b).
• Every edge is shared by exactly two faces. (See Figure 3.c).
• The image only represents the outline of the 3D object (e.g., no patterns on
faces to be considered).
• The observer is outside of the object.
• The picture plane is flat.

Summary of Findings and Conclusion

An in-depth literature review reveals that there is complex mathematics behind optical illusions. A student who
has a linear algebra course and developed a sense of visualization will be able to understand this
mathematics. This mathematics provides us with practical techniques to not only a better interpretation of
complex images but also to facilitate human-machine communication for a better reconstruction of 3D objects
corresponding to a given image.

Future Work

There is Mathematics behind such illusions. An “impossible figure” or “impossible
object” is a type of perspective illusion that focuses on the creation of visuals
whose existence seems impossible.

•
•
•
•
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Figure 5: Image with no object and image with possible object.

Determine which images create impossible figures.
Given an image, determine the matrices ! and %, and solve the fundamental system.
Work with ambiguous surfaces and extend the study to non-polyhedron objects.
To design my own impossible figures and ambiguous surfaces.
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